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Lecture 12: Whitehead Theorem and CW approximation
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Definition
We define the category TopP of topological pairs where an object

(X, A)

is a topological space X with a subspace A, and morphisms
(X, A) — (Y, B) are continuous maps

f: X—Y suchthat flA) C B.

A homotopy between two maps fi, f : (X, A) = (Y,B) is a
homotopy F: X x | — Y between fy, f; such that

Flxxt(A) C B forany tel.
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The quotient category of TopP by homotopy of maps is denoted
by hTopP. The pointed versions are defined similarly and
denoted by TopP, and hTopP,. Morphisms in hTopP and
hTopP, are denoted by

[(Xv A)a (Y7 B)]a [(Xv A)a (Y, B)]O

When we work with the convenient category .7, we have similar
notions of .7P for a pair of spaces, h.ZP for the quotient
homotopy category, and .7 P,, h.7 P, for the pointed cases.
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Let f: (X,A) — (Y,B) in hP,. Let f=fla. Then the sequence

(X,A)—=(Y,B)—=(Cr,C—3(X,A) = 3(Y,B) = 3(Cr, ) =22 (X,A) =+

is co-exact in hIP,.

This generalizes the co-exact Puppe sequence to the pair case.
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Let (X,A) € 7 P,. We define the relative homotopy group by

7Tn(Xa A) = [(Dn7 Sn_l)v (Xa A)]O

We will also write 7,(X, A; xg) when we specify the base point
Note that

(Dn, Sn—l) ~ En_l(Dl, 50),

n>2.
(X, A) is a group for n > 2 due to the adjunct pair (X, Q).
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Lemma

f: (D", S" 1) — (X, A) is zero in m,(X, A) if and only if fis
homotopic rel S"~! to a map whose image lies in A.

This lemma can be illustrated by the following diagram

S

Here g maps D" to A and g~ frel S™1.
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Proof

Assume [flo = 0 in my(X, A). Then we can find a homotopy
F:D"xl— X st. F(—,0)=xp, F(—,t)€A, F-,1)="f-).

Let us view the restriction of Fto S"~! x /U D" x {0} as defining
a map (via a natural homeomorphism)

g: (D", S" ) = (X A).

Then F can be viewed as a homotopy g~ frel S"~! as required.
Conversely, assume there exists g: (D", S""1) — (X, A) such that
g~ frel "1 Let

F:D"x 11— D"

be a homotopy from the identity to the trivial map. Then
Fog:D"x 11— X

shows that [g]o = 0, hence [flp = 0 as well. O
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Let AC Xin 7,. Then there is a long exact sequence

oe s Ta(A) B a(X) B (X, A) B a1 (A) - mo(X)

Here the boundary map  sends ¢ € [(D", 5"~ 1), (X, A)o to its
restriction to S"~ L.
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Consider

f:(8°,{0}) = (8%, 5").
Let F=flgpy : {0} — S°. It is easy to see that

(Cr. Gp) = (D1, 5°).
Since (8% = §", (D", 5"~ 1) = (D", S"), the co-exact sequence
(82,{0H)—(8°,5°)—=(D",5°)—=(S" {0})—(5',8")—(D?,S") (8% {0}) -
implies the exact sequence

o (A 5 (X)) D (X A) D a1 (A) = mo(X)
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%
A pair (X, A) is called n-connected (n > 0) if mo(A) — mo(X) is
surjective and

(X, A;x0) =0 V1< k<n,x €A
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From the long exact sequence

+ = Tn(A) 5 Tn(X) B ma(X,A) D a1 (A) - mo(X)

we see that (X, A) is n-connected if and only if for any xp € A

(A, xp) = 7(X, x0) is bijective for r < n
Tn(A, x0) = mh(X, x0) is surjective



Algebraic Topology 2020 Spring@ SL

A map f: X — Yis called an n-equivalence (n > 0) if for any
xg € X

fi : m( X, x0) = 7Y, f(xp)) is bijective for r < n
fi : mh(X, x0) = wn(Y, f(xp)) is surjective

fis called weak homotopy equivalence or co-equivalence if fis
n-equivalence for any n > 0.
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For any n > 0, the pair (D"*!, S") is n-connected.

DA
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Whitehead Theorem
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Let X be obtained from A by attaching n-cells. Let (Y, B) be a
pair such that

mn(Y,B;b) =0,Ybe B if n>1

mo(B) — mo(Y) is surjective if n=0.
Then any map from (X, A) — (Y, B) is homotopic rel A to a map
from X to B.
Proof.

This follows from the universal property of push-out

[[s"!—>A——=B

-7

- s
// 7/
- X\

0" ——=X_| Y
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Theorem

Let (X, A) be a relative CW complex with relative dimension < n.
Let (Y, B) be n-connected (0 < n < c0). Then any map from
(X, A) to (Y, B) is homotopic relative to A to a map from X to B.

— - B
7
7
/
£\

Xy

S~—7

Proof.
Apply the previous Lemma to

AcXcXlc...cx'=X

and observe that all embeddings are cofibrations.

O

=] 5
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Let f: X — Y be a weak homotopy equivalence, P be a CW
complex. Then

[P X =[P Y]
is a bijection.
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We can assume fis an embedding and (Y, X) is co-connected.
Otherwise replace Y by M.

Surjectivity is illustrated the diagram (applying previous Theorem
to the pair (P,0))

_—
7

(\Zf\
PV\

4

A

< <X

Injectivity is illustrated by the diagram (observing P x I, P x Ol are
CW complexes)

Px Jl——
\L\ 7

Ve
//
PxI1 { >
—~ T

<=<=—X
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Theorem (Whitehead Theorem)

A map between CW complexes is a weak homotopy equivalence if
and only if it is a homotopy equivalence.



Algebraic Topology 2020 Spring@ SL

Let f: X — Y be a weak homotopy equivalence between CW
complexes. Apply previous Prop to P = X, Y, we find bijections

XX o XY, (VX (YY),
Let g € Y, X] such that f.[g] = 1y. Then fog~1y.
On the other hand,

flgofl=[fogofl=[fol] =[] = fllx].

We conclude [go f] = 1x. Therefore fis a homotopy equivalence.
The reverse direction is obvious. O
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Cellular approximation
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Let (X, Y) be CW complexes. A map f: X — Yis called cellular if

f(X") C Y" for any n. We define the category CW whose objects
are CW complexes and morphisms are cellular maps.

A cellular homotopy between two cellular maps X — Y of CW
complexes is a homotopy X x [ — Y that is itself a cellular map.
Here [ is naturally a CW complex. We define the quotient category
hCW of CW whose morphisms are cellular homotopy class of
cellular maps.
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Let X be obtained from A by attaching n-cells (n > 1), then (X, A)
is (n — 1)-connected.
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Corollary

Let (X, A) be a relative CW complex, then for any n > 0, the pair
(X, X™) is n-connected.

Theorem

Let f: (X, A) = (X, A) between relative CW complexes which is
cellular on a subcomplex (Y, B) of (X, A). Then fis homotopic rel
Y to a cellular map g: (X, A) — (X, A).
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Proof

Assume we have constructed f,_; : (X, A) = (X, A) which is
homotopic to frel Y and cellular on the (n — 1)-skeleton X"~!.
Since (X, X") is n-connected,

xn—1 5<n

we can find a homotopy rel X™~1 from f,_1|x» : X" — X to a map
X" — X". Since fis cellular on Y, we can choose this homotopy rel
Y by adjusting only those n-cells not in Y. This homotopy extends
to a homotopy rel X"~' U Y from f,_; to a map f, : X — X since
X" C Xis a cofibration. Then f5, works.
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Theorem (Cellular Approximation Theorem)

Any map between relative CW complexes is homotopic to a cellular
map. If two cellular maps between relative CW complexes are
homotopic, then they are cellular homotopic.

Proof.
Apply the previous Theorem to (X)) and (X x I, X x 9l). Ol
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CW approximation
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A CW approximation of a topological space Yis a CW complex X
with a weak homotopy equivalence f: X — Y.

Any space has a CW approximation.

it
S
»
i)
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Proof

We may assume Y'is path connected. We construct a CW
approximation X of Y by induction on the skeleton X". Assume we
have constructed 7, : X7 — Y which is an n-equivalence. We
attach an (n+ 1)-cell to every generator of ker(m,(X") — m,(Y))
to obtain X"*!. We can extend f, to a map i1 : X" = Y

H Dn+1 Xn+1
- N

Since (5(”+1,X”) is also n-connected, ?,,H is an n-equivalence. By
construction and the surjectivity of 7,(X") — 7,(X™1), f111
defines also an isomorphism for 7,(X"*1) — m,(Y).
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Now for every generator S+t of coker(mpy1(X™1) = mhy1(Y)),
we take a wedge sum to obtain

Xn+1 _ )~<n+1 v/ (\/asn—l—l).

Then the induced map f,;1 : X™! — Y extends f, to an
(n+ 1)-equivalence. Inductively we obtain a weak homotopy
equivalence f, : X=X>* = Y.
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Theorem

diagram commutes in hTop

Let f: X— Y. Let X — X, and 'Y — Y be CW approximations
Then there exists a unique map in [['X,I'Y] making the following

rx—Ltfry
X oy
Proof.

Weak homotopy equivalence of I'Y — Y implies the bijection
[FX7FY] — [FXa ”
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Two spaces Xj, Xo are said to have the same weak homotopy type

if there exists a space Y and weak homotopy equivalences
fi:Y— X,i=1,2.

Weak homotopy type is an equivalence relation.
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